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Abstract 

This paper can be considered as the sequel of [B], where the authors have proposed 
an abstract construction of Hardy spaces H 1 . They shew an interpolation result for these 
Hardy spaces with the Lebesgue spaces. Here we describe a more precise result using the 
real interpolation theory and we clarify the use of Hardy spaces. Then with the help of 
the bilinear interpolation theory we then give applications to study bilinear operators on 
Lebesgue spaces. These ideas permit us to study singular operators with singularities similar 
to those of bilinear Calderon-Zygmund operators in a far more abstract framework as in 
the euclidean case. 
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1 Introduction. 

The theory of real Hardy spaces started in the 60's, and in the 70's the atomic Hardy 
space appeared. Let us recall its definition first (see [§]). 

Let (X, d, p) be a space of homogeneous type and e > be a fixed parameter. A function 
m G L} oc (X) is called an e-molecule associated to a ball Q if j x mdp = and if for all 

i > 0, 

( [ \m\ 2 dp) ' < /i(2 i+1 g)^ 1 / 2 2~« and ( [ \m\ 2 dp) ' < p(Q)- 1/2 . 

\J2 i + 1 Q\2 i Q J \Jq J 

We call m an atom if in addition we have supp(m) C Q. Then a function / belongs to 
Hq W (X) if there exists a decomposition 

f = ^ \rrii p - a.e, 
where are e-molecules and Aj are coefficients which satisfy 



< oo. 



It was proved in [33] that the whole space Hq W (X) does not depend on e, as in fact one 
obtains the same space replacing e-molecules by atoms or e'-molecules with e' > 0. 

In the Euclidean case (X = M n equipped with the Lebesgue measure) this space has 
different characterizations, thanks to 1 33 1 : 



/ G H^iR") ^ f G H 1 := {/ G L\R n ) ; V(v / =A)- 1 (/) G L^K™, M n )| (1.1 



x i — > sup 

!/eK rl ,t>0 

I*— »l<* 



G L^K") (1.21 



yGK n ,t>0 
|x-y|<i 



. V2 

2 cZj/ti^ 



tVe-^--(/)(2/) ^| G L (R n ), (1.3) 



where V(v— A) -1 is the Riesz transform. The space 7i l defined by (11.11) was the original 
Hardy space of E.M. Stein (see [32]) and [33] provided the equivalence with the definition 
using the maximal function and the area integral. The link with H^ w (R n ) (due to R. 
Coifman [TS|) comes from the identification of the two dual spaces (H^ w )* = (Ti 1 )*. 

The space H^ W (X) is a good substitute of L}(X) for many reasons. For instance, 
Calderon-Zygmund operators map H^ W (X) to L l (X) whereas they do not map L X (X) 
to L 1 (A). In addition, Hq w (X) (and its dual) interpolates with Lebesgue spaces L P (X), 
1 < p < oo. That is why Hq W (X) is a good space to extend the scale of Lebesgue spaces 
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(L p (X))i <p<OQ when p tends to 1 and its dual BMO when p tends to oo. In addition 
its atomic decomposition is very useful : for example to check that the set of atoms is 
sent by a Calderon-Zygmund operator in a L 1 -bounded set, is very easy. That is why 
we are interested to work with this main property of the atomic (or molecular) structure. 
We would like also to emphasize that we are more interested by the set of atoms and 
the vectorial space generated by this collection than by the whole Hardy space. As we 
will see, only the behaviour of an operator on the atoms is necessary to use interpolation 
with Lebesgue spaces. The whole Hardy space is more interesting for example to obtain 
a characterization of the dual space. 

We invite the reader to read [6] in order to understand the construction of our Hardy 
spaces. The work is based on the following remark : there are situations where Hq W (X) 
is not the right substitute to L X {X) and there are many works where adapted Hardy 
spaces are defined : [D El IH HS1 H21 Ull HQ H31 HH EI] ■ That is why in [6], we have defined 
an abstract method to construct Hardy spaces by a molecular (or atomic) decomposition. 
In several recent works [21], [20], [26] and [11] X.T. Duong, L. Grafakos, N. Kalton, R. 
Torres and L. Yan have studied in details some multilinear operators related to multilinear 
Calderon-Zygmund operators on the Euclidean space. 

Concerning the linear theory, the abstract Hardy spaces constructed in [6] allow us to 
study linear operators generalizing the study of linear Calderon-Zygmund operators. In 
this paper, we make use of these Hardy spaces to construct a bilinear theory in a most 
abstract background. Bilinear interpolation theory requires to have a real linear inter- 
polation result. This motives us to use more precisely the ideas of [5] to characterize 
some intermediate spaces between Hardy and Lebesgue spaces for the real interpolation 
theory (Section [3]). Then in Section HI we give applications for linear and bilinear oper- 
ators. By using bilinear interpolation, we will be able to generalize the study of bilinear 
Calderon-Zygmund operators to far more general bilinear operators associated to other 
cancellations and give examples in Section 

2 Definitions and properties of Hardy spaces. 

Let (X, d, fi) be a space of homogeneous type. We shall write L p for the Lebesgue space 
L P (X, M) if no confusion arises. Here we are working with real valued functions and we 
will use "real" duality. We have the same results with complex duality and complex 
valued functions. 

By "space of homogeneous type" we mean that d is a quasi- distance on the space X and 
fj, a Borel measure satisfying the doubling property : 



where B(x,r) is the open ball with center x G X and radius r > 0. We call S the 
homogeneous dimension of X. For Q a ball, and i > 0, we write Si(Q) the scaled corona 
around the ball Q : 



3A > 0, 35 > 



Vx G X,Vr > 0,Vt > 1 



KB(x,tr)) 
fi(B(x,r)) 



< At 6 , 



(2.1) 
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where tq is the radius of the ball Q and c(Q) its center. Note that Sq(Q) corresponds to 
the ball Q and Si(Q) C 2 l+1 Q for % > 1, where XQ is as usual the ball with center c(Q) 
and radius Xtq. 

Before we describe our Hardy spaces, let us recall the definition of Lorentz spaces and 
give their main properties (for more details see Section 1.4 of [TH]) : 

Definition 2.1. For < p, s < oo we denote L p,s = L P,S (X) the Lorentz space defined 
by the following norm : 

\\f\\ LP , .= (fi^r^Yj) 1 ^ 

where /* is the decreasing rearrangement of / : 

f*(t) :=inf{u>0, fi {\f\ > u} < t} . 
Proposition 2.2. 1) For all exponent 1 < p < oo, L p,p = LP . 

2) For all exponents < p,s < oo, the space L p,s is a metric complete space. Morevover 
if p G (1, oo], L p ' s is a Banach space. 

3) For all exponents p 6 (1, oo) and s G [1, oo) , the dual space (L p ' s )* is equivalent to the 
space LP ' s . 

We now define the Hardy spaces. Let us denote by Q the collection of all balls of the 
space X : 

Q := $B(x,r), x e X,r > o}. 

Let (3 G (l,oo] be a fixed exponent and IB := (5q)q g q be a collection of L^-bounded 
linear operators, indexed by the collection Q. We assume that these operators Bq are 
uniformly bounded on L^ : there exists a constant < A' < oo so that : 

V/ G I/, VQ ball, \\B Q (f)\\ LS < A'\\f\\ L0 . (2.2) 

In the rest of the paper, we allow the constants to depend on A, A', (3 and 5. 

We define atoms and molecules by using the collection B. We have to think these operators 
Bq as the "oscillation operators" associated to the ball Q. 

Definition 2.3. Let e > be a fixed parameter. A function m G L\ oc is called an 
e-molecule associated to a ball Q if there exists a real function fg such that 

™ = B Q (f Q ), 

with 

vz>o, ||/ (3 || L ^ (Q) <(M2 i g))~ 1//3 '2-" 

We call m = Bq(Jq) an atom if in addition we have supp{fo) C Q. So an atom is exactly 
an oo-molecule. 
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The functions Jq in this definition are normalized in L l . It is easy to show that 

||/ g |Ui<l and \\f Q \\u> < ti(Q)~ W ■ 

It follows from the L^-boundedness of the operators Bq that each molecule belongs to 
the space ZA However a molecule is not (for the moment) in the space L l . Now we are 
able to define our abstract Hardy spaces : 

Definition 2.4. A measurable function h belongs to the molecular Hardy space H\ mol if 
there exists a decomposition : 



iirii fi - a.e, 



where for all i, is an e- molecule and \ are real numbers satisfying 



< oo. 



We equip H} , with the norm : 



u 



inf \Xi 



Similarly we define the atomic space H\ to replacing e-molecules by atoms. 

In the notations, we forget the exponent /3 and the collection B. As we will explain in 
Subsection I4.1[ we need to use a smaller space : 

Definition 2.5. According to the collection B, we introduce the set Hp e mol C H\ mol r\L^ ', 
given by the finite sum of e-molecules with the following norm 

||/|| H i := inf VlAil. 

We take the infimum over all the finite molecular decompositions. Similarly we define the 
atomic space Hp at0 . 

As we will see in Subsection 14.11 it is quite easy to estimate the behaviour of an operator 
on the whole collection of atoms or molecules. Then by linearity, we can control the 
operator on the previous "finite" Hardy spaces with the corresponding norm. However to 
extend the operator on the whole Hardy space (in a continuous way with its smaller norm) 
is an abstract problem which seems quite difficult and requires some extra assumptions 
(see Subsection 14. ip . Fortunately, we will see that we do not need to study if the operator 
can be extended or not, its behaviour on the sets of atoms will be sufficient. 

To understand in a better way our definition, we refer the reader to Section 3 of [6], where 
we compare our Hardy spaces with some already studied Hardy spaces. Let us make some 
remarks. 
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Remark 2.6. 1—) For the Hardy space H\ moh we only ask that the decomposition 

h(x) = Ajmi(ar) 

is well defined for almost every x E X. So the assumption is very weak and it is possible 
that the measurable function h does not belong to L} oc . It is not clear whether these 
abstract normed vector spaces are complete. The problem is that we do not know whether 
the decompositions of h converge absolutely. 

2— ) We have the following continuous embeddings : 

VO < e < e', Hp ato <—. > H ato ^ H e , mol <^-> H emol . (2.3) 

In fact the space H\ to corresponds to the space mol . For < e < e' < oo the space 
H\, mol is dense in H\ mol . In the general case, it seems to be very difficult to study 
the dependence of H^ mol with the parameter e and we will not study this question here. 
Similarly the dependence of the Hardy spaces on the exponent (3 is an interesting question, 
but seems difficult and will not be studied here. 

3— ) The norm on the molecular spaces H\ mol and on the finite molecular spaces Hp emol 
may not be equivalent (see Subsection 14.11 and a counterexample of Y. Meyer for the 
Coifman- Weiss space in [30J). 

Remark 2.7. We have seen that each molecule is an L 13 function. So it is obvious that 
H he,moi Ci"n H\ mol is dense in R\ mol and H l Fato C n H\ to is dense in H x ato . 

To work with a vector normed space, we often need the completness of this one. The 
following proposition gives us some conditions to get the completness of our Hardy spaces. 

Proposition 2.8. Take e e]0, oo] and assume that the space H\ mo i is continuously em- 
bedded in L} oc . Then H\ mo x is a Banach space. 

Proof : We have just to verify the completeness. The proof is easy by using the following 
well-known criterion : for e > 0, H^ mol is a Banach space if for all sequences (/ij)jgN of 
H lmoi satisfying 

i>0 

the series hi converges in the Hardy space H] mol . This is true because each molecular 
decomposition is absolutely convergent in L^-sense. We therefore define the series hi 
as a measurable function in Lj oc . Finally, it is easy to prove the convergence of the series 
for the H\ mol norm. □ 

The next proposition explains that under some "fast" decays for the operators Bq, the 
Hardy spaces are included in L 1 . 

Proposition 2.9. Assume that the operators Bq satisfy that for M > 5/(3' a large enough 
integer, there exists a constant C such that for all i,k > 

V/ e I/ 3 , supp(f) C TQ \\B Q (f)\\ L e,s h (* Q ) < C2~ Mk \\f\\ L ^ 2iQ . (2.4) 

Then the following inclusions hold : 

Ve > 0, H at0 ^ H emol ^ L . 

Consequently, the Hardy spaces are Banach spaces. 
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Proof : We claim that all e- molecules (and atoms) are bounded in L 1 . In fact, using 



\B Q (f Q )\\ L i < \\ B Q(fQ 1 s l (Q))\\ L i < ^2^2\\ B Q(fQ 1 s l (Q))\\ L i :Sk (^Q) 

i>0 i>0 k>0 

< EE^Q) 1 ^' \\MfQU(Q))\\ L s Sk{2iQ) 



i>0 k>0 



i>0 k>0 



< E E /i(2 j+fc g) 1//3 '2- M V(2 4 Q)- 1//3 '2-" 

i>0 k>0 

< 2 k5 /f 3 '2~ AIk 2~ ei < 1 



i>0 fc>0 

Here we use the estimates for fq, the doubling property of \i and the fact that M is large 
enough (M > 8/(3' works with j3' < oo). Thus we obtain that all e-molecules are bounded 
in L l , and we can deduce the embedding from the definition of the Hardy spaces. □ 

We have seen that all the molecular spaces contain the atomic space. In the next section, 
we will study the intermediate spaces, obtained by real interpolation between the Hardy 
spaces and the Lebesgue spaces. We will see that under reasonnable assumptions, they 
"do not depend" on the considered Hardy space. 



3 Real Interpolation between Hardy and Lebesgue 
spaces. 

3.1 Preliminaries about Real interpolation theory. 

Let us begin to remember the definition of the real interpolation theory (see for more 
details the book [5]). 

Definition 3.1. Let E and F be two vector normed spaces. For every a G E + F and 
every t > 0, we define the i^-functional as 

K(t,a,E,F):= inf ||e|| B + t\\f\\ F . 

a — e + f 
/6F 

For every a G E fl F and every t > 0, we define the J-functional as 

J(t,a,E,F) := max {\\a\\ E , 

In addition we say that the couple (E, F) is compatible if the space E fl F is dense in 
E + F. 

Now with these two functionals, we can define some particular intermediate spaces. 
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Definition 3.2. Let E and F be two vector normed spaces. Then for 9 £ (0, 1) and 

s £ [1, oo], we denote by (E, F)g tSt x and (E, F)g tSt j the following spaces 



{E,F) e>9tK := ja £ E + F, \\a\\ {EtF)ep K : = (t~ e K(t, a, E, F))' 

and similarly 

(£, F)e, s ,j := {aeE + F, \\a\\ {E ,F)e,. ,j < °°} > 

with 



< oo 

t 



l/s 



We recall the well-known results about these spaces (for the proofs of the following results 
and any details about the real interpolation, we refer to the book [5] of J. Bergh and J. 
Lofstrom). 

Theorem 3.3 (Equivalence Theorem). Let E and F be two vector normed spaces. For 
all 9 £ (0,1) and s £ [l,oo], the two spaces (E,F)g jS7 K and (E,F)g jSj j are equal with 
equivalent norms. From now, we denote these spaces (E,F)g, s . In addition this space is 
an intermediate space, that is 

EOF (E,F) e , s ^ E + F 

with continuous embeddings. 

We will use the link between the spaces and their completed spaces : 

Theorem 3.4. Let E and F be two vector normed spaces. We set E and F for the 

completed spaces. Then for all 9 £ (0,1) and s £ [l,oo], the two spaces (E,F)g jS and 
(E,F)g s are equal (with equivalent norms). So we deduce that 



(E,F) g>s = {n £ E + F, |M|(g >5?)fl>a < oo} 



Let us recall the following notion due to [28] : 

Definition 3.5. The couple (E, F) is said to be a doolittle couple if the "diagonal" space 
E n F ~ {(x, x), x £ E n F} is closed in E x F. 

For the interpolation of dual spaces, we have the following theorem : 

Theorem 3.6 (Duality Theorem). Assume that the couple (E,F) is a compatible (or a 
doolittle) couple of Banach spaces then for all 9 £ (0, 1) and s £ [1, oo] we have 

[(E,F)g >s }* = (E,F*)g iS ,, 

where 

1 1 

- + - = !■ 

s s 

The proof is given in [5] for a compatible couple and in [28] for a doolittle couple. The 
completeness is important to use Hahn-Banach Theorem in order to obtain this equiva- 
lence. 
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3.2 Interpolation between Hardy and Lebesgue spaces. 

After recalling these results, we want to study the real interpolation between our Hardy 
spaces and Lebesgue spaces. Let (3 G (l,oo] be always fixed, we work with the Hardy 
space H 1 equal to one of the following Hardy spaces : H Fato , H^ to , H Femol or H\ mol . The 
space H 1 may be the completed space of H Fato or H Femol too. We will need the following 
definitions : 

Definition 3.7. We set Aq for the operator Id — Bq. For a G [1, oo] we define the 
maximal operator : 

\/xeX, M a (f)(x) :— sup (-}— [ \A* Q (f)\ a dp) ' , (3.1) 

Qball VMW) Jq J 



where Aq is the adjoint operator. 

For all s > 0, we define a maximal sharp function adapted to our operators 



Vx G X, Ml(f)(x) := sup (-}— [ \B* Q (f)(z)\ s dpi(z)) ' 

Qball V^IVJ JQ J 



The standard maximal "Hardy-Littlewood" operator is defined for s > by 



Vx G X, M HL>s {f){x) ■= sup I I \f(z)\ s dfi(z 



Qball 
16Q 



KQ) 



l/s 



Lemma 3.8. For each ball Q of X , the operator Bq which is defined on L 13 ' can be 
extended to an operator acting on (H 1 )* to L}\ oc . Keeping the same notation Bq for the 
extension, we have that for all s G [!,/?'] 



V/G^ 1 )*, ||iWjf(/)|L< 



Proof : Let us fix an element / G (H 1 )* and a ball Q. For all function h, supported in 
Q and normalized by \\h\\p = 1 then we set 0q := ^(Q)^ 1 ^' h. Then it is obvious that 
m = Bq((()q) is an atom. By duality, we obtain 



\(f,B Q (cf> Q ))\<\\f\\ iH i r . 

Therefore 

Vh G L?(Q), \\h\\ L0 = 1, \(f,B Q (h))\ < /i(g) 1//3 '||/||(^rll^||^( Q ). 
Hence we can define, B* Q (f) G L 13 ' (Q) = {L P (Q))* such that 

(B Q (f),h):= (f,B Q (h)). 

We obtain also the estimate 

||^/||^(Q)^^) 1//3 'H/II(^)*' 

which concludes the proof. □ 

The dual space (H 1 )* is always a (Banach) normed vector space, and we can use real 
interpolation with an L q space. For the i^-functional, we prove : 
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Proposition 3.9. Assume that for a > (3 1 , the operator M a is bounded by Mhl,/3>- Then 
for q G \J3', oo) there exist a constant c\ = c\(q) and for all k > 2 an other constant 
C2 = c 2 (q, k) > 1 such that for all t > 0, s G [1,/?'], we have the following estimates for 
the K functional : for every function f G L@ 

K(t, /, L q , (H 1 )*) > Cl K(t, M}{f), L«>°°, L°°), (3.2) 

and 

K(t, M HL , q (f), L q '°°, L°°) < c 2 [K(t, f, L\ (H 1 )*) 

+K 1 -*/'tf(«*/%M HL ,^^ (3.3) 

If n(X) < oo, we allow the constant c 2 to depend on the measure n(X). 

The proof of this proposition requires the following lemma. 

Lemma 3.10. Suppose that M a is bounded by Mhl,/3> with a > f3' . Then for all p 
large enough and for all 7 < 1 we have a "good lambdas inequality" : for all A > (or 
A>|WU if ia(X)< 00) 

V ({M HL>p ,{h) > p\,M*,(h)(x) < 7 A}) < (fp-P +p- CT ) n({M HLJf (h) > A}) . 

The implicit constant does not depend on p and 7. In addition, for all exponent q G (/3', a) 
there exists a constant c = c(q) such that for all function h G L@ 

c\\h\\ Lq < ||Mj5 # (/i)|| L , + l^x)<oo\\h\\ L g> < c- l \\h\\ Lq . (3.4) 

Proof : This lemma is a consequence of Theorem 3.1 in [3]. With its notations, take 
F = \hf and for all balls Q 

G Q = cp\B* Q hf and H Q = Cf y\A* Q hf , 

where cp is a constant such that (u + v) 13 ' < c^{uP' + v@ ). Then for all x G Q, we get 
F(x) < Gq(x) + Hq(x). For all balls Q 3 x, we have 

' ^ - G(x) 



By assumption, for all balls Q 3 x and x G Q, we obtain 

< M ffM ,(/,)(x)' ? = M HW (F)(x). 

Applying Theorem 3.1 of [3] (proved for spaces of homogeneous type in Section 5 of [3]), 
we obtain the desired "good lambdas inequality" : 

li ({M BLJ r(hf > p\,Ml,(h)(xf < 7 A}) < (V 1 + P ~^') /1 ({M HL> p,(hf > a}) . 
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By the same theorem, we also have that for all exponent t G [l,a//3') and for F G L 1 
(which is equivalent to h G L 13 ) 

\\F\\ Lt < WnvWy < \\Ml,(hf\\ Lt = \\Ml,{h)\t^ (3-5) 
Therefore for all q G [(3 1 ', a) 



li < ||MJ, (/^hl,. 

The extra term, which appears when fi(X) < oo, is explained in Section 5 of [3]. The 
other inequality for (13.41) is much more easy and is a direct consequence of the fact that 
Mhl,i3> is L 9 -bounded and 

Ml,{h) < M HL A h ) + M /3'W £ M HL,P'- 

□ 

Remark 3.11. Assume that n{X) = oo. Then for j3' < q < a, we obtained a "Fefferman- 
Stein" inequality : 

c\\h\\ Lq < ||M$,(/i)|U« < c^WhW^. 
In fact the proof shows that the right inequality is true for all q> (3' . 

Now we can prove Proposition 13.91 

Proof : By definition of the i^-functional, we have : 

K{t,f,L\{H x )*):= inf \\g\\ Lq +t\\h\\ {my . 

f=g+h 
gem 
heiH 1 )* 

We want to use the maximal function Mf . From the assumption on the maximal function 
M a , it is easy to see that for every function </> 



<M HLia (</>) + M a (<j>)<M HL , q (<f>). 
So Mjj is of weak type (q, q) as s < [3' < q. We have also : 

KitJ^L^iH 1 )*)^ inf \\Ml(g)\\ L ^+t\\h\\ {mr 

f=g+h 



g£L1 
heiH 1 )* 



> 



inf \\Mt(g)\\ L ,~ + t\\h\\ imy . 



Aff (g)eL<J.°° 



By the same way, using Lemma 13.81 we have 

K(tJ,L\(H l Y)> inf \\Ml(g)\\ Lq ,~+t 

f=g+h 

jVf| ( 9 )eL9>°° 

Now we note that for / = g + h, we have M|(/) < M|(g-) + M|(/i) and so we can conclude 

Ml(h)> \MlU) - Ml{g)\ . 
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We get also 



K(t, /, L q , (H 1 )*) > inf 

f=g+h 

h6(H 1 )* 

> 



inf 

>K(t,Mj(f),L<>>°°,L 



\Mj»(g)\\ L «oo +t\\M s \f) - M s 

\\Mj(g)\\ Lq ,~ + t\\Mj(f) - Mj(g)\\ L * 



(3.6) 



So we have proved the first desired inequality (13.21) . Now we will use the fact that we 
exactly know the i^-functional for the Lebesgue spaces. Let us remember the following 
result (see [5], p!09) : 



K(t, 



- q,oo t oo\ 



supu\{v G [0,t 9 ], <f>*(v) > u}\ 1/q 



0<u 



lL9.oo([0,t-J]) ; 



(3.7) 



where we write 0* for the decreasing rearrangement function 

<j>*{v) := inf{A > 0, p(\<j)\ > A) < v}. 

"I * 

We have also to estimate the function M^,(f) . By Lemma 13.101 we obtain : for all 
A > (or A > H/ll^ h>(X)<oo) 

P ({MhlM) > P\ <(/) < 7A}) < (fp-P + p" 7 ) P {{MhlM) > A}) • 

Let 5 : = + p~ a . We deduce that (with C > 1 a constant independent on the 

important parameters) 

P ({MhlM) > PA}) < Cp ({m»,(/) > 7 a}) + C5p ({M HL , q (f) > A}) . 
Then it follows easily that 

[MhlM ( s ) < P max \Ml,(f)Y (s/C), [M H lM)Y (S^s/C)} + A l M x) 



<oo ) 



where Ao satisfies A < H/IIl* 3 '- To prove (I3.3p . we distinguish 2 cases 
1 — ) First case : assume that p(X) = oo. 
With flaU and flU]), we obtain 



K(t, M H L,q(f), L q,OQ , L c 



\MhlMY 



Il^°°([o,w]) 



<Pl~ l 



MU/n/c) 



<pr l 



<(/)*( 



+ p\\M H L, q ur^ 1 ■ /c)\\ Lq ^ tq]) 

+ P 5 1 ^\\MhlMT\ 

L9' oo ([0,t9]) 



(3.8) 



In all these last estimates, the implicit constant depends on the constant C > 1 and is 
uniform on the two important constants p > 2 and 7 < 1. By using the equivalence ( 13.71) 
and ( 13.61) . we obtain the desired inequality : 

K(t, MhlM), L q '°°, L°°) < p 1 - 1 K{t, f, L\ (H 1 )*) + p5 l l q K(5~ l 'X M H lMI L q '°°, L°°). 
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We choose 7 = p~ a /f 3 ' +1 small enough to have 5 ~ 2p~ a and then we take k ~ p. 
2—) Second case : /i(^) < 00. 

In this case, there is an extra term in (13.81) which corresponds to 

||^o||L9- 00 ([0,t'J])- 

This term is bounded by tAo and one has just to consider t q < fJ,(X). Using Ao < II/IIl/ 3 ') 
we obtain the result with an implicit constant which depends on fi(X). The previous 
study holds with the same arguments for the main terms. The proof is also completed. 

□ 

Having good estimates for the interpolation K functional between the Hardy space H 1 
and the Lebesgue spaces, we now prove the following result : 

Theorem 3.12. Assume that for a > (3' , the operator M a is bounded by Mhl,/3'- Let 6 
be in (0, 1], s G [1, 00], q G [/?', 00) and t satisfying 

1-6 _ 1 1 

q t a 

Then there exists a constant c = c(6, s, a, q) such that for all function f G LP U L q : if 
f G (L q , (if 1 )*)^ then f G L l > s and 

< c \\\f\\{Lo,{H^r) e , s + ||/||^'l M (X)<oo] • 

Proof : To compute the norm of the intermediate space, we have to integrate the K- 
functional as decribed in Definition 13.21 : 

11/ = (J™{t- e K(tj,L q ,(H'y)) s jy s . 

We will only deal with the interesting case = 00. The other case uses the same 

arguments with an extra term which is very easy to control (as t is bounded). We use the 
inequality obtained in Theorem 13. 91 

K(t, M HL , q (f), L q,OQ , L°°) < K(t, f, L q , (H 1 )*) + k^K^H, M HL , q (f), L«>°°, L°°). 

By a formally integration with a change of variable, we get 

\\M H L„{f)\\v#»).+ Z ll/ll(M,(^n e>s + ^ a/q+6a/q \\M HL M)\kL^, L ^ a . (3.9) 

So for k large enough as 1 — a/q + 6a jq < 0, we obtain that 

\\MHL,q{f)\\(L«<°°,L°°) B , a < \\f\\(Li,(W)*)g ia - 

Here we have assumed that the left side of (13. 9p is finite to conclude. In fact, by the same 
arguments as used in Theorem 3.1 of [3], it suffices to have that / G L 13 or / G L q to 
prove this last inequality. In addition the arguments in Section 5 of [3J allow us to obtain 
the extra term when n{X) < 00. The proof is also finished since we know (see [5j) that 

(L 9 '°°, L 00 ) 9tS = L M . 

□ 

Now by duality, we look for a real interpolation result for our Hardy space. 
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Proposition 3.13. Assume that the Hardy space H l is complete and satisfies : 

H 1 - L\ 

Assume that fi(X) = oo and that for a > f3' , the operator M a is bounded by Mhl,P'- Then 
for all 9 G (0, 1), s G [1, oo), for all exponents p G (1, (5) and t G (1, oo) such that 



1 1-9 „ 1 

< 



t p a' 
we have the following equivalence : 

L t,s ~ (L p , H x )q iS . (3.10) 

Proof : First we note that under our assumption, the Hardy space H 1 is a Banach space 
(due to Proposition 12. 8j) if H 1 = H\ to or H\ mol . Now the result is well known for H 1 = L 1 
so we already have the inclusion 

E:={L p ,H l )^ s ^L^. (3.11) 

Let us write E := (L p , H l )g s and (F, || ||l«> s ) be the closure of E for the L t,s norm. So F 
is a closed subspace of L*' s . Assume that F C L t,s . Then by Hahn-Banach Theorem (and 
the duality result in Proposition I2.2p . there exists a function G L* ,s with ||0|| L t', s ' = 1 
such that = in F*. We have 4> e F* and so by (13. lip , we have that <p E E* . 
In addition, we claim that (L p , H 1 ) is a doolittle couple of Banach spaces. We have to 
check that the (diagonal) space L^ni? 1 is a closed sub-space of H l x L p . Take a sequence 
(x n ,x„) which converges to (x,y) in if 1 x L p . From the above assumption, x n converges 
to x in L 1 -sense and to y in L p sense. We deduce that x = y G H 1 C\L P . Using the duality 
Theorem (Theorem 13.61) . we obtain that 

E* = (L p ',(H l y) e , s , 

Theorem 13.121 gives us also that 

1 = IM|j*v < II*.- (3-12) 
By the embedding (13.111) and the duality properties of Banach spaces, we have 
U\\e.= sup |(e,0)|< sup |(e,0)|< ||0||^. 

l|e|| B <l \\e\\ L t,s<i 

These two inequalities with the properties of are impossible. Therefore we deduce that 
F = L t,s and so that E is dense into L t,s . Finally (I3.12p gives us that E is equal to L t,s 
with equivalent norms (due to the completeness of the spaces). □ 

Make a mixture with Theorem 13.4} then we finally obtain the main result : 
Theorem 3.14. Assume that fi(X) = oo and the Hardy space H 1 satisfies : 

H 1 - L\ 



11 



Assume that for a > (3' , the operator M a is bounded by Mhl,@'- Then for all 9 G (0, 1), s G 
[1, oo), for all exponents p G (1,/?] and t G (1, oo) such that 

1 1-9 n 1 
t p a 1 
we have the equivalence between the two norms 

II ■ Ik*.* ^ || • \\(Lp,m) 9 , s 

and 

{tf,H x ) 9 , a '.= n{H r + If). 

Remark 3.15. Note that the norm of the intermediate space does not depend on the Hardy 
space H 1 considered. 

Remark 3.16. We have seen in [H] with the example of Riesz transforms, that the range of 
exponents where we can obtain Lebesgues spaces as intermediate spaces is optimal under 
the above assumption. 

3.3 Interpolation between Hardy spaces and weighted Lebesgue 
spaces. 

We present in this subsection the weighted version of the previous results. For convenience, 
we assume that n(X) = oo. We firstly recall the different class of weights : 

Definition 3.17 (The Muckenhoupt classes). A nonnegative function u> on X belongs to 
the class A p for p G (1, oo) if 



sup 



i r . \ / i x 



wd V / w~ 1/(p_1) d/i < oo. 



Qbaii \KQ) Jq J \KQ) jq 

Definition 3.18 (The Reverse Holder classes). A nonnegative function uonl belongs 
to the class RH q for q G (1, oo), if there is a constant C such that for every ball Q G X 

i f V /q „/ i 



u q dfi <C [ — — / ujdfi 



KQ) Jq J \KQ) 

For the weight u, we define the associated measure (written by the same symbol) u by 
dw := udfi and we denote := L P (X, dw) the corresponding weighted Lebesgue space. 
For the considered weights, the space does not depend on u and will always be equal 
to L°°. 

We have the well-known following properties (chapter 9 of [19] for the Euclidean case) : 

Proposition 3.19. 1) For s G (l,oo) the maximal operator Mhl,s is bounded on L p (uj) 
for all p G (s, oo) and to G A p / S . 

2) For p G (1, oo) and uo an K, p -weight, there exists some constants C, e > such that for 
all balls Q and all measurable subsets Ad Q, we have : 

^ <C (^-\ (3 13) 

u( Q )^ c Uq)) ■ (3 - 13) 

3) For uj a nonnegative function and p G (1, oo), we have the following equivalence : 

uj G A p uj l ~ p ' G A p /. 
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We give the weighted version of Theorem 13.121 : 

Theorem 3.20. Assume that for a > (3', the operator M a is bounded by Mhl,P'- Let 
6 G (0, 1] , s G [1, oo], q G \j3' , oo) and t satisfying 

1-6 _ 1 1 

q t a 

Let <jj be a weight belonging to RH( a / t y r\&q/p> . Then there exists a constant c = c(6, s, a, q) 
such that for all function f G LP' U L q : if f G (iJ 1 )*)^ then f G L^ s and 



L M < c\\f\\ (L « tiH i r)gs . 

Proof : The proof is similar to the one of Theorem 13.121 It is based on Lemma 13.101 
Using the same ideas and the weighted Theorem 3.1 of [3], we prove this following one : 

Lemma 3.21. Assume that for a > (3' , M a is bounded by Mhl,/3'- Let for s G (1, Jj], to 
be a weight belonging to RH s i . Then for all p large enough and for all 7 < 1 we have a 
"good lambdas inequality" : for all A > 

w({M H L,p>{h) >p\Ml,(h){x) < 7 a}) < ( 7 p- /3 '+p- <J ) 1/ ^({MHL, /3 'W > A}). 

The implicit constant does not depend and p and 7. In addition we have that for all 
exponent q G [/?', a) there exists a constant c = C(q) such that for all function h G L 13 

cll/ilU^HM^^IU^c- 1 !!^^. (3.14) 
Then we obtain the weighted version of Proposition 13.91 : 

Proposition 3.22. Assume that for a > j3' , the operator M a is bounded by Mhl,/3'- 
Then for q G [/?', oo), s G (1, %r\ o^nd a weight uj G RH s i H A q /p>, for all k > 2 there is a 
constant C2 = C2{q, k) > 1 such that for all t > we have the following estimate of the 
K -functional : for every function f G L 13 

Kit, M HL M), L*T, L°°) < c 2 [K(t, f, LI (H 1 )*) 

W a/{sq) K{K°l^h, M HL>q (f), Iff , L°°)] . (3.15) 

Proof : The proof is exactly the same as the one of Theorem 13.91 We just have to 
check that the maximal operator Ml, is of weak type (q, q) for the new measure to. Under 
our assumption, this operator is bounded by Mhl,/3', which is well bounded on L q u as 

UJ G A q /pi. □ 

Then the end of the proof is the same, and so Theorem [3^20] is proved (by taking s = o~/t). 
We obtain also the following result : 

Theorem 3.23. Assume that the Hardy space H l is complete, fi(X) = 00 and that for 
a > j3' , the operator M a is bounded by Mhl,p'- Let p G G (0,1), s G [l,oo) and 

t G (l,oo) satisfying 

1 1-9 . 1 

7 = + e<- 

t p a 1 
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Let uj be a weight in RH i- t > H A t / a ' and assume that H 1 is continuously embedded into 

. Then we have the following equivalence : 

Ltf — (LPj, H l )e iS . (3.16) 

Proof : We let the detailled proof to the reader. The proof is analog to the one of 
Theorem 13.131 using in addition some weighted arguments. We use the fact that (see 
Proposition 2.1 of [3]) : for 1 < x < oo and 1 < y < oo 

oo e A x f] RH y <^ oo y G A y{x _ 1)+1 . (3.17) 

So we can compute that 

uj G RH i_t' n At/ a i < > uj 1 t G RH( a /tiy Pi Api/pi. 
Hz 

Then we use Theorem 13.201 with the weight uj 1 ~ 1 ' . We have to be careful because we are 
using duality with respect to the measure [i therefore 

□ 

Remark 3.24. The constant appearing in (13.161) for the embedding 

L^^(Ll,H l ) e , s (3.18) 

is independent on the constant of the embedding H 1 <^-> . So to check this last inclusion, 
we can also assume that the weight is bounded and that H 1 L 1 . Then the implicit 
constant in (I3.18P does not depend on ||^||oo- 

We introduce the following definition due to [3] : 

Definition 3.25. For uj a nonnegative function on X and < po < qo < oo two exponents, 
we introduce the set 

WUpo, go) := {p e (po, go), w g A p/po n RH {qo/pY } . 

Remark 3.26. With the notation of Theorem 13.231 since f < p' then -^f > (f )'. Thus if 

is a weight in RH j-t> fl A*/^, then i G W a; ((T / ,p). 

1 F 

4 Applications. 

4.1 The linear theory. 

To apply the previous abstract results, it is important to know when an operator is 
continuously acting in our Hardy spaces. We recall the following result of [5] : 
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Proposition 4.1. Let T a linear operator satisfying the following "off-diagonal" esti- 
mates : for all ball Q, for all j > there exist coefficients jj such that for all L /3 -functions 
f supported in Q 

/ ^yMlJ^^^/l^) 1 ". (4.1) 



If the coefficients jj satisfy 

A:=$>, <oo, (4.2) 

then there exists a constant C = C(A) such that for all atom f £ H^ to 

||T(/)|| L i<C 
Consequently T is continuous from H\ ato into L 1 . 



In [6], the authors have given a molecular version too. 

Remark 4.2. 1—) The coefficients jj may depend on the ball jj = r )j{Q) and then we have 
to replace (14.21) by 

sup ^2lj(Q) < oo. 

Q ball . >0 

2—) We can just assume that T is a sublinear operator or a positive linearizable operator 
which is meaning that there exists a Banach space B and a linear operator U defined from 
L 13 into LP(X,B) such that 

V/£L^, T(f)(x) = \\U(f)(x)\\ B , fx-a.e. . 

This improvement is useful to study some maximal operators. 

We would like to deduce that T can be continuously extended on the whole Hardy space 
H-ato- We know from the work [8] of M. Bownik that it is not sufficient in the general case 
to have boundedness on all the atoms. Using ideas of [6], we can found an operator U 
bounded from H\ to into L 1 , which coincides with T on Hp ato . However we do not know 
if U and T coincide on more general functions in the Hardy space. 

Fortunately to use interpolation, it is not a problem. So we will describe our interpolation 
result and we will finish this section by giving some conditions that permit us to extend 
our operator to the whole Hardy space. 

Theorem 4.3. Let us assume 1 < a' < po < (3, H\ to L 1 and n(X) = oo. Let T be an 
L po -bounded sublinear operator such that for all balls Q and for all functions f supported 
in Q 

^ >- ° l inBM)r d ") 1/po * ^ im i h m 

(4.3) 
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and 



where the coefficients jj satisfy 

i>o 

Then for all exponents p G (a',p ), there exists a constant C = C(p) such that 



i/*> 



V/e^nF, \\T(f)\\ LP <C\\f\\ 



LP ■ 



Remark 4.4. We have seen in [5] that for this particular application, we can choose a 
space X of finite measure then the extra term is not a problem. 

In [6], we have already proved this result without the assumption H\ to <—* L 1 for lineariz- 
able operators. Here we want to explain the proof using real interpolation theory and so 
the result is true and new for general sublinear operators. 

Proof : In [6], we shew that under these assumptions, the maximal operator M a (de- 
fined by (13. ip ) is bounded by Mhl,/3'- 111 addition we know that T is L p -bounded. From 
Proposition 14.11 we know that T is bounded from Hp ato into L l . We can use real in- 
terpolation theory and obtain for 9 G (0, 1) and s G (1, oo) the boundedness of T from 
(L p , Hp ato )g tS to (L p , L 1 )^. We know that this last intermediate space corresponds to the 
Lebesgue space. In addition from Theorem 13. 14^ we know that the norm II |Lr„77i — % 

is equivalent to the norm in L t,s and that 



(L p , Hp at ^)e )S = L t,s n LP, 

with 

1 n 1-9 1 
- = 9 + <-. 

t p a' 

We then obtain the desired conclusion with t = p = s. □ 

Remark 4.5. In [6], we have already obtained a weighted result for linearizable operators 
satifying (14.31) : consider T a linearizable operator of Theorem 14.31 then for all weight u 
and every exponent p G yV w (a',j3), there is a constant C such that 

V/e^nL:, \\T{f)\\ L i<C\\f\\ Ll . 

With our previous weighted results, we can describe a similar weighted version for a 
general sublinear operator but we have to require 



u G RH i_ p / n A 



p/o' ) 



which is a stronger assumption due to Remark 13.261 However it is interesting to note that 
this stronger assumption permit us to obtain a weighted interpolation result for sublinear 
operators, where as the weaker condition (p G W w (a / ,/5)) requires a linearizable operator 
due to the use of duality. 
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We finish this subsection by studying the following problem : let T be an operator bounded 
on all the atoms in the space L l . Can we extend it continuously in the whole Hardy space 
H\ to with its natural norm ? This problem was studied for particular case in several 
papers (see [2H] and [31]). Following the ideas of [25] , we have the following result : 

Proposition 4.6. Assume that the Hardy space H\ to L 1 and that 

Q balls 

Here we use the notation of Lemma \3.8\ : Bq is acting on L^' + (H^ to )* . 

Let T be a L@ -bounded linear operator with a constant C such that for all atoms f G H\ to , 

we have 

\\T{f)\W<C. 
Then it can be continuously extended on H\ to into L 1 . 

Proof : We know (see [6] or [29]) that there exists an operator U continuous from H\ to 
into L l such that for each atom m : U(m) = T(m). We have to prove that 

V/e^nC u(f)=T(f). 

To prove this fact, we use duality Let / G L 13 compactly supported and g G L°° PI L 13 ' . 
For all balls Q, -Bq(J) G Hp ato because \i is a borelian measure. So 

(T(B Q f),g) = (U(B Q (f)),g). 

We deduce that 

(f,B* Q T*g) = {f,B* Q U*g). 
Hence for all compactly supported functions / G LP , 

(f,B* Q (T*g-U*g)} = 0, 

therefore B* Q (T*g - U*g) = 0. We know that h := T*g - U*g G LP~' + (H^ to )*. Under our 
assumption, we conclude that h G L°° and so for each atom m 

( m , h) = 0. 

As the Hardy space H\ to is embedded into L 1 , by the duality L 1 — L°°, we know that 
(m, h) = J mhdfi. Thus for all functions / G H\ to we have 

(f,h) = 0. 

In particular for f E L 13 H H\ to , we get 

(/,fc> = = L , (/,T^)^ (f,irg) {Bh j. (T(f),g) L3 , (W),^)^. 

This is true for all functions g> G L°° fl L' 3 ' . We deduce that T(f) = U(f) in n if)* 
and so T(f)(x) = U(f)(x) for almost every x G X. □ 
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4.2 The bilinear theory. 

In all this subsection, we implicitly use a space of homogeneous type X with an infinite 
measure : fi(X) = oo, in order to use our interpolation result of Theorem 13. 141 

We are interested in a bilinear version of Theorem 14.31 We choose two collections B 1 : = 
(Bq)q £ q and B 2 := (-Bq)q6Q and two exponents /?i , /5 2 G (1, oo]. We assume that B 1 is a 
collection of L^-bounded operators and that B 2 is a collection of L^-bounded operators. 
We can also define two kinds of Hardy spaces and H^ 2 - According to Definition 
12.51 we can construct the spaces Hp atoBl and Hp atoB2 - In this context, we have also the 
following bilinear results : 

Proposition 4.7. Let T be a bilinear operator with coefficients (7j)j>o satisfying for all 
balls Qi, Q2 and for all functions f, g supported in Qi and Qi, we have for 1 — 1,2 and 
for allj u j 2 > 



1 



n(? l+1 Qi) Jc 



■ h (Qi)nC j2 (Qa) 



< 



V/3i / 1 r \V/32 

7,7^^ ( -777T / \ff ld » ) 777TT / ^ 



coefficients 7; satisfying 

£7<L (4.5) 

T/ien t/ie operator T is continuous from Hp atoBl x Hp atoM2 into L 1 / 2 . 

Proof : We will use ideas of [21] . Let / G Hp atoB1 and g G Hp atoB2 , we can also write 
them with a finite atomic decomposition : 

/ = £AqB£(/q) g = ^r flJ B 2 M 
with the appropriate properties for /q and <?r : /q is supported in Q with ||/q||/3 < 

J2\ X Q\< 2 \\f\\H^ (4-6) 

Q 

and similarly for gn, relatively to the ball R. So we have to study 

T(/^) = ^A r i? T( J By Q , J B 2 i7 «). 

Q,R 

We decompose with the coronas around the balls 

T (f\9) = E E V^BJ/q, B 2 R g R )l 

Q,R i,j>0 

To estimate the norm ||T(/, g) || L i/2 by symmetry we need just to study the sum over the 
extra condition 

2V Q < 2V fl , (4.7) 
where r corresponds to the radius of the ball. We recall Lemma 2.1 of [21] : 
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Lemma 4.8. For r < 1, there exists a constant C and 5 > 1 such that for all collection 
(Qk)k of balls and (gk)k collection of nonnegative integrable functions supported in Qk we 
have 



< C 



Proof : The proof is explained in the particular case of MJ 1 , using the dyadic structure 
of the euclidean space. However the proof can easily be extended to a general space of 
homogeneous type using its dyadic structure (proved in [TU]) so we let the details to the 
reader. □ 

Now using this Lemma with r = 1/2, we get 



\\T(f,g)\\ L y 2 



< 



Q,R i,j>0 



LV2 



< 



< 



Q,i 



L 1 / 2 



Q,R i,j>0 



E E m w ( m% y c , (0)nCj(R) \nBhh,Bh«)\d» ) u, e 



LV2 



We can use the doubling property of the measure, the estimates (14. 4p and (14.71) to finally 
obtain 



LV2 ~ 



\\m g )\\ 



E E ' A qI M^Tj 

Q,_R ij>0 



IfQ^dfi 



li{%Q)ii{Z>R) \fi(Q) J Q 



V/3i 



ti(R) 



l//9 2 



R 



&2 i Q- L 2S23R 



LV2 



We can "add" the function l^^'ij due to the condition (14.71) . With the estimates on /q 
and gR, we have 



nn/^)iiLV2< 



< 



E E I a qI I Tr I 

Q,R i,j>0 



E E l A<9 l l TR l 1<K2*Q ,./nfn\ ^23 



By using Holder inequality, we get 



Ll/2 



Ll/2 



LV2 ^ 



Eia< 



7» 



1A9! 



<52 4 Q 



E 



7j 



/i(2^) 



L 2<52J\R 



Then the proof is finished with the properties (14. 5p and (14.61) and the doubling property 
of the measure /i. □ 

If we would like to use the Hardy space for just one of the two functions, we have the 
following version : 
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Proposition 4.9. Let assume 1 < /3i,/3 2 . Let T be a bilinear operator with coefficients 
(lj)j>o suc -h that for all balls Q\ and all balls Q2 with radius rq 2 = 1, for all functions 
f, g supported in Q± and Q 2 , we have for 1 — 1,2 and for all ji, j 2 > 



n(? l+1 Qi) Jc 



' n {Qx)r\C n (R 2 ) 

KQ2) 



\T(B Ql f,g)\dfi 
1 



< 



\frdn 



>(2iig 1 ) / /(2^g 2 ) \n{Qx)J Ql 

with coefficients 7; satisfying 

£7*<1. 



gf 2 dfx 



(4.9) 



Then the operator T is continuous from Hp atoM i x L T2 into U for all exponents satisfying 
< P2 < r 2 < 00 and 

11 , 
- = - + 1. 4.10 

r r 2 

Remark 4.10. The scale rg 2 = 1, taken for the balls Q2 is not important. The important 
fact is to have these "off- diagonal" decays for all balls Q2 at a fixed scale. 

Remark 4.11. Let assume that T satisfies Proposition 14.91 with (3 2 = 00 then, by the same 
arguments as we will explain in the proof, we can show that for each function g G L°°, 
the linear operator / — > T(f,g) satisfies Theorem 14.31 about linear operators. 
Proof : The proof is similar to the previous one with choosing Bq 2 = Id. First we will 
prove a weak type estimate for the bilinear operator. So let R be a set of finite measure. 
We fix a function g supported on R and bounded by 1. We use a bounded covering of the 
space X with balls of radius 1 : (Q 2 )q 2 - We decompose the function g over this covering 
and so as previously with r 2 > (3 2 we get : 



\\T(f, 



TT < 



E E 



li 



L <52 4 



h,Q 2 ij>0 

By Holder inequality and property f)4.6p . as r 2 > 1 we obtain 



l 2823Q 2 



\\nf,g)\\ Lr <\\f\\H^ to J2^ 

j>0 



E 

Q2 



fj,(Q 2 ) fn(RnQ 2 ) 



l/ra 



L 2<52JQ 2 



L r 2 



However there exists a constant C = C(X) such that for all for all j > 



E 

Q 2 



< C. 



(4.11) 



This is due to the following fact : all the balls Q2 have the same radius so for Q\, Q\ two 
balls considered in the sum, we have [i{2iQ\) ~ yu(2- ? <5 2 ). Then we use that the collection 
of the balls Q2 is a bounded covering. Using (14.111) . we obtain 



E 

Q 2 



n(Q 2 ) fn(RnQ 2 ) 



KQ2 



l/r 2 



L 2<52JQ 2 



< 



E 



L r 2 



M^nQ 2 )\ /i(g 



/i(Q 2 ) J //(#Q S 

<Y,KRriQ 2 )<KR)- 



L 252JQ; 



4n 



Q-i 



23 



We have (again) used at the last inequality the fact that the collection of the balls is a 
bounded covering. We deduce also that 

l|r(/^)|| r <||/||^^(^) 1/r2 . 

Then for / fixed, the linear operator T(f, .) is of weak type (r 2 , r) for all exponents (r 2 , r) 
satisfying (I4.10p . The strong continuities are obtained by real interpolation for Lorentz 
spaces. □ 

These two propositions will permit us to refind results about bilinear Calderon-Zygmund 
and related operators. We will explain these examples in the following section. 

For convenience, we will use the following definition : 

Definition 4.12. Let p < (3 be exponents and H 1 be a Hardy space defined by a 
collection B of L^-bounded linear operators. We say that the space H 1 is "L Po — L 13 
regularizing" if the maximal operator M p > (defined by 13.11) is bounded by the Hardy- 
Littlewood operator Mhl,p' and if the Hardy space is embedded into L 1 . 

Remark 4.13. Under the previous notations, we have seen that if H 1 <— ► L 1 there exist 
coefficients jj such that for all balls Q and all functions / supported on Q 



l/PO 



satisfying 

$^7i < 00, 

i>o 

then the Hardy space is L Po — L 13 regularizing. 

Now using bilinear interpolation, we obtain the following theorems. 

Theorem 4.14. Let assume that the Hardy space Hp atoBj is L qi — Lr* regularizing for 
i — 1,2 and for exponents 1 < qi < Let T be a bilinear operator satisfying the 
assumptions of Proposition^^ and bounded from L P1 xL P2 into LP for exponents satisfying 
Pi e (q h /3i] and 

1 1 1 
0<- = — + — < 1. 

V Pi P2 



Then for all 6 £ (0, 1) such that 



1 \-e n 1 

— := + 6 < — 

n Pi qi 

1 1 -9 „ 1 



+ 9 < 
r 2 P2 <?2 

there exists a constant C = C(9) satisfying 

V/, £ L r% n L Vl , \\T{hJ 2 )\\ L r < cUMUnHMUn., 
with an exponent r given by 

1 1 1 

r± r 2 r 
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1/92 



1/P2 - 



I>1 = (1,1) 



I/Pi 1/81 



l/n 



Figure 1: Bilinear interpolation with the two Hardy spaces. 



We can summarize this result with Figure 1. 

So we have a strong continuity in the point L 2 . Proposition 14.71 describes the continuity 
at the point L\ and then by bilinear interpolation, we obtain strong continuities for all 
the points between L 2 and L3. 



Proof : We have shown (in Proposition 14. 7[) that the operator T is continuous from 
x H^ 2 into L 1 / 2 . We know by assumption that it is continuous from L Pl x LP 2 into 
LP with P1P11P2 > 1- We use then bilinear real interpolation. We work with a Lorentz 
space L 1 / 2 (which is a quasi-Banach space), the bilinear interpolation for these spaces is 
studied in [23] by L. Grafakos and M. Mastylo. By the Corollary 5.1 of their paper, we 
obtain that our operator T is continuous from (L P1 , H^i)e, Sl x (L P2 , H^ 2 )8,s 2 into the space 
(L p , L 1 / 2 )^ for all 9 6 (0, 1) and all parameters Sj, s G [1, 00] satisfying 



1 1 1 

- + 1 = - + -. 

s s 1 s 2 

With our assumptions and taking Sj = 1, Theorem 13.131 gives us that 



Ti.l 



- r,l 



We already know that 

(£ p ,£ 1/2 W 

So by bilinear interpolation, we know that T is continuous from If 1 ' 1 x L 7 " 2 ' 1 into L r, °°. 
We now use bilinear interpolation for Lorentz spaces (see [21] and [3TJ) to conclude the 
proof and to obtain strong continuity from L ri x L 1 " 2 into U . □ 

We can use interpolation on just one side and not on the two sides together. 

Theorem 4.15. Let assume that the Hardy space Hp atoMl is L qi —L^ 1 regularizing for an 
exponent q± < f3\. Let T be a bilinear operator satisfying the assumptions of Proposition 



J^.S\ and bounded from L P1 x L P2 into LP with 

1 1 



< 



1 



P Pi P2 



< 1, 
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Vi — @2 and p\ G (gi,/?i). Then for all exponent (ri,r2,r) such that 

1 1 1 

r n r2 

and 

j i_ j_ 

g , P2 T2_ . P2 



J 1_ ^ J 1 ' 

Pi ri pi 

i/ie operator T admits a continuous extension from L ri x L 1 " 2 into V 



We can "think" this result with Figure 2. 



1/P2 



I/pi 



1/91 



1/ri 



Figure 2: Bilinear interpolation with one of the two Hardy spaces. 



Proof : Proposition 14.91 shows us that we have a strong continuity for T on the line 
ri — 1 (with r 2 > Z^)- We assume that we have a first strong continuity on a point 
(pi,p 2 ) (which is the point L 2 on the figure with p 2 = /3 2 )- By bilinear interpolation, 
we can deduce strong continuities in all the hatched region. We conclude the proof by 
using Theorem 13.131 : we know that for T\ > qi the intermediate space corresponds to the 
Lebesgue space. So in the most hatched region, we have strong continuities in Lebesgue 
space. This domain is exactly decribes by the condition over the exponents. □ 

Then we can compute the two previous Theorems and combine them with duality and 
bilinear interpolation to get other results, we let that to the reader. Similarly, we could 
use interpolation with weighted Lebesgue spaces. For the moment, it is not clear what 
kind of results in weighted spaces should be reasonnable. That is why we decide to not 
describe the weighted version. However it is interesting to note that we could obtain 
continuities in x LTJ 2 in with different weights ui,u)2,u). In addition, as we will 
see in the examples, it seems interesting to mixt these weighted results with the weighted 
extrapolation theory, described by L. Grafakos and J.M. Martell in 



We would like to finish this section by an application of duality to obtain other bilinear 
continuities. We follow ideas of [2B] and [TT] . In these two articles, the authors use duality 
and the end point estimate (the continuity from H}? ato x Hp ato into L 1 / 2 ) to obtain other 
continuities. 
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Definition 4.16. Let T be a bilinear operator bounded from L^ 1 x L@ 2 into for 
exponents /?, /?2 £ [1? °°); we define its two adjoints T* 1 and T* 2 by 

(T(f,g),h) := (T^MU) := (T* 2 (/, h),g). 

So T* 1 is bounded from LP' x L^ 2 into LP'i and T* 2 is bounded from L 131 x into LP's. 

Theorem 4.17. Let assume that we have parameters 1 < q < (3 < oo and a class BS of 
bilinear operators such that : 

1. For T £ BS, its two adjoints T* X ,T* 2 belong to the class BS. 

2. For each operator T £ BS, there exist two Hardy spaces (H FatoM1 and H FatoM2 ) 
L q — L 13 regularizing such that T is continuous from H FatoBl x H FatoB2 into L 1 / 2 . 

Let T be an operator of this class BS. Assume that there exists three exponents pi, P2, p' £ 
(q,P) satisfying 

1 1 1 

p pi P2 

such that T is continuous from L Pl x L P2 into L p . Then for any exponents r^, r 2 , r' £ (q, /3) 
satisfying 

1 1 1 

r n r 2 

the operator T is continuous from L ri x V" 2 into U . 

Proof : The arguments are written in details in [26]. We describe them by the figures 3 
and 4. In the first one (Figure 3), we have drawn the domain for the exponents r 1; r 2 . 

l/ra 



1 

VP'-: 

1/9 
1/9'- 



1/pa- 
1//3 - 



1//3 



l/pi 1/q' 1/q 1/13' 1 



l/n 



Figure 3: Domain of admissible exponents. 



Now we will prove how to obtain the continuity near the point A, with the next figure. 

We start from the continuity on the point L 2 . Then we use bilinear interpolation with the 
end point estimate at L\ (this is described in Theorem 14.141) . We obtain also continuity 
in Lebesgue space at the point L 3 . Then we use duality to obtain continuity for T* 1 at 
the point L 4 . By assumption 1—) of the class BS, we can repeat this procedure to T* 1 so 
we have continuity for it on the point L5. By duality, we obtain also continuity for T at 
a point Lq (that we have not drawn for convenience) which is between the first point L2 



27 



l/r 2 



1 

l/P'-, 



x Li = (1,1) 



1/g'- 



1/P3- 

1//3 — 



V/3 



I/Pi W 1/? V/3'1 



1/r-i 



Figure 4: Scheme of the proof. 



and A. By iterating this procedure, we can approach the point A, as closed as we want. 
By duality and symmetry, we obtain continuities for points as near as we want of the 
extremal points. Then by bilinear interpolation, we get continuities in whole the convex 
envelop, which corresponds to the hatched domain. □ 

All these results can seem to be technical. We will give examples in some well known 
cases to show how use them. 



5 Examples 

We remember that in [7] , we have already described an application of the linear theory 

for the problem of maximal L p -regularity associated to a Cauchy problem. 

In this section, we give examples and we explain how to use the previous bilinear abstract 

results. 

5.1 The bilinear Calderon-Zygmund operators. 

Let X be a space of homogeneous type with (j,(X) = oo. Choose for our Bq operator, the 
exact oscillation 

In this case, we know that the Hardy space H\ to corresponds to the classical Hardy space 
of Coifman- Weiss Hq W (due to the work of E.M. Stein [32] and [33]). Then the operator 
Aq is given by 

and we have that Aq = Aq. We deduce also that 

M oa (f) < M HL> i(f), 

where M ro is defined by (13.11) . So from Theorem 13. 131 the Hardy space Hp ato is L 1 — L°° 
regularizing. 
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In this case, let T be a bilinear operator associated to a bilinear kernel k such that for 
all f,g compactly supported and for all x G supp(/) c U supp(g) c , we have the integral 
representation : 

T (f,g)(x)-= / k( x ^y^ z )f(y)9(z)dfi(y)dfi(z). 
J x J x 



Let us assume that k satisfy the "standard" bilinear estimates (for a certain e > 0) : 
\k(x,y,z) k(x,h,z)\ „ + d(z,x)) fi(B(x,d(y,x))) + /i(B(x,d(z,x))) 2 ^'^ 



for d(y,h) < d(x,y)/2 and 

( 

d(x, y) + d(z, x) ) n(B(x, d(y, x))) + fi(B(x, d(z, x))) 
for d(z, h) < d(x, z)/2. 

5.1.1 Continuities in Lebesgue spaces. 

Suppose in addition that we already know a strong continuity for T : T is continuous 
from L Pl x L p ' 2 to L p with 1 < pi,p 2 ,p < oo and 

1 1 1 

Then we claim that this bilinear Calderon-Zygmund operator satisfies the required prop- 
erties of Proposition 14.71 with (3\ = (5 2 = oo and = = Hq W . We quickly check 
this fact. With the notations of this proposition : for ji = j% = 0, we only use the strong 
continuity. For ji > and j% = 0, we use the cancellation with Bq 1 : by the classical 
arguments, we have that for x G Sj^Qi) PI Q 2 and g = Bq 2 (f 2 ) 



|T0B Ql (A),<7)(z)| < — — / / / \k(x,y,z) - k(x,h,z)\\f 1 (y)\\g(z)\d^z)dp(y)d^h). 

KQi) J Ql J Ql Jx 

By using the estimate about the kernel, we obtain : 

\T(B Ql (AU)(*)\ < (/ x M2JlQl ) + ^|r d( ^) ))2+ . ^)) IIAII-IIAII- 

We can compute the integral over the variable z£l and then we get 

|T(B 0l (A),s)(:r)| < ^jjx^ ll/illooll^lU < 

This inequality implies what we want with jj < 2~ Jl5<: . When the two index ji, j 2 are non 
vanishing, we use the cancellation for the smallest ball and then we obtain by the same 
arguments the desired inequality with jj < 2~ J<5<://2 . So the assumptions of Proposition 
14.71 are satisfied. Therefore we can apply Theorem 14.141 and obtain the continuity from 

H Fato X H Fato int ° ^ • This reSult 

was already obtained by L. Grafakos and N. Kalton 
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in [21] for X = M n . In [26], L. Grafakos and R. Torres have obtained the weak type 
estimate L 1 x L 1 into L 1 / 2 ' 00 for the euclidean space. 

Now, we add the dual assumption of (15. ip and (15.21) : 

\k(x,y,z)-k(h,y,z)\<( - d [ X ; H l y —, - * j-. - ^ (5.3) 



d(x, y) + d(z, x) J /i(B(x, d(y, x))) + fi(B(x, d(z, x)))< 
for d(x, h) < d(x, y)/2 + d(x, z)/2. 

Then this class of bilinear Calderon-Zygmund operators (satisfying (I5.1l) .( l5\2l) and (15.31) ) 
is stable by duality. By using Theorem 14.171 and combining it with the continuity from 
Hp ato x Hp ato to L 1 / 2 we deduce that for all exponents r, ri,r 2 such that 1 < ri,r 2 < oo 
and 

1 1 1 
0<- = — + — <2 

r n r 2 

the operator T can be continuously extended from L ri x V" 2 into U . So for these bilinear 
Calderon-Zygmund operators (under the three assumptions (15. ip . (15. 2p and (15.31) ). one 
strong continuity implies all these continuities. 

In addition in this case, using Proposition 14. 9[ we obtain the continuity of T from H Fato x 
L ri into U for 1 < n < oo satisfying 

i-i + L 
r T\ 

Applying this to T* 1 with r\ = oo, we obtain that T admits a continuous extension from 
x into BMO. Here we note for the set of compactly supported and bounded 
functions. 

All these results are already proved in [26] in the euclidean case and the authors have 
described a "T(l)-bilinear Theorem" for this kind of operators to obtain a criterion to get 
the important first strong continuity. 



5.1.2 Continuities in weighted Lebesgue spaces. 



Now we are interesting to weighted inequalities. In [23], L. Grafakos and R. Torres have 
studied some weighted estimates for such bilinear Calderon-Zygmund operators in the 
euclidean case. They succeed to obtain results to prove boundedness from x L r J 2 into 
L r w when the three weights are equal : uj\ = u; 2 = to and belong to a certain class using a 
pointwise Cotlar's inequality. Then in [22], L. Grafakos and J.M. Martell have described a 
multiple weight extrapolation theory and have shown that a bilinear Calderon-Zygmund 
operator is continuous from U£ x UJ 2 into for uo\ G A ri , uo 2 G A r2 and u> := u[^ ri uj^ r2 . 
These results are based on the pointwise estimates (15. ip and (15.21) . If we just have local 
estimates on the kernel, we could not have Cotlar's inequality. So it is interesting to 
describe what our weighted results (Subsection I3.3P gives for bilinear operators satisfying 
only similar local estimates. 

We could probably improve our weighted results with ideas of the weighted multilinear 
extrapolation results of [22]. Let us give an example. 
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Let T be a bilinear Calderon-Zygmund operator satisfying one strong continuity. From 
the previous discussion and according to Remark 14.111 we can deduce that U g := T(.,g) 
satisfies Theorem 14.31 for g G L°°. By using Remark 14.51 we can also deduce that for a 
weight u\ G A Pl the operator U g admits a continuous extension from LP] into LP^ for 
an exponent 1 < p\ < oo. So we get that T is continuous from LP] x L°° into LP] . By 
symmetry for a weight u 2 G A P2 with 1 < p 2 < oo, we obtain that T is continuous from 
L°° x LP? into LPJ 2 . Now by bilinear interpolation, we obtain that T is bounded from 
LP] x L r J 2 into L^j for exponents 1 < r, r 1; r 2 such that there exists 9 g]0, 1[ with 

19 11-9 111 

ry py r 2 P2 ' r r 1 r 2 

and with the weight uj = id^ 6 ^ r oj 2 e ' )P2 ^ r . The real interpolation theory of weighted 
Lebesgue spaces is described in the book [5] at Sections 5.4 and 5.5. However this result 
is weaker as the one described in [22J. Using their main weighted extrapolation result, 
from the two continuities L p } x L°° into Lf, 1 and from L°° x Lf, 2 into Lf 2 we can regain 
their results described in [22]. So it seems to be useful to make a mixture of our weighted 
results and the weighted extrapolation theory to obtain the strongest results. 



5.2 The generalized bilinear Calderon-Zygmund operators. 



In [TT], X.T. Duong, L. Grafakos and L. Yan have generalized the previous example in 
considering the same kind of bilinear operators associated to other oscillations. We explain 
in this subsection, how we can regain their results. 

On ~R n , they choose operators A t , which are given by their kernels at satisfying 



\a t (x,y)\ <t~ n ' s h 



\x - y\ 



t l/s 

where s > is a fixed parameter and h is a positive bounded decreasing function satisfying 

lim r sn+r ^h(r s ) = 

for a parameter rj > 0. So the operator A t is uniformly L°°-bounded and uniformly 
L 1 -bounded. 

According to these notations, we define for Q = B(x,r) a ball the operator Aq := A r i/ S , 
and then Bq = Ld — Aq. It is obvious to check that the assumptions on the kernel a t 
give us that our maximal operator M^, (defined by (13. ip ) is bounded by the maximal 
function Mhl,i- So with the exponent (3 = oo, we can define our Hardy space LL^ to , which 
is L 1 — L°° regularizing. 



In [TT], the authors used two Assumptions : Assumption 2.1 and Assumption 2.2, we recall. 
The bilinear operator (/, g) — > T(5q(/),p) has a bilinear kernel kg(x,y,z) satisfying the 
following estimate 

I 7 1 / \ \ ^ r Q M-rQ,rQ](y - z ) 

\k Q {x,y,z) <—————— + 



(\x — y\ + \x — z\) 2n+e (\x — y \ + \x — z\) 



2n 
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for | a; — y\ > tq and similarly for the operator (/, g) — > T(/, £?g(g)). These assumptions 
permit to the operator T to satisfy (14.41) of our Proposition 14. 71 when one the index ji, j% 
is non vanishing. The proof is similar to the one of the previous example, here there is 
an extra term to be studied but similar arguments permit to obtain the desired estimates 
(we let the details to the reader). So as for the previous example, if we already have 
one strong continuity for this operator T, then we have the continuity in H Fato x H Fato 
into L 1 / 2 , which can be compared to the weak type estimate L 1 x L 1 — > L 1 / 2 ' 00 obtained 
in [11]. Then by the assumptions 3.1 and 3.2 of [11] (which correspond to the previous 
assumptions for the operator T and its two adjoints), we construct a class of bilinear 
operators which is stable by duality and so we can apply our Theorem 14.171 to obtain a 
new proof of Theorem 3.1 of [TTj . 

Using the same arguments as for the previous example, we can deduce that such operators 
admit a continuous extension from x into the space BMOa, which is defined by 
the norm 

\\f\\BMO A := S up^^|/-^(/)|d/*J. 

To prove this claim, we use Proposition 9.2 of [6], which "characterizes" the dual space 
(H Fato )* fl L 2 by this BMO space. This end-point estimate seems to be new compared 
to results in |llj . 

So our results permit us to obtain a new proof of the main theorem of [11] . We have proved 
our results with the most abstract framework and assumptions and so we can generalize 
this example with restriction for exponents, more general operators A t and work on a 
space of homogeneous type. In addition as for the previous example, we can develop a 

multiple weight theory for these operators. In [11], the authors show how multilinear 
Calderon commutators could be thought as a particular case of these generalized bilinear 
Calderon-Zygmund operators. 



5.3 Applications to quadratic functionals. 

In this subsection, we would like to describe how we can use this bilinear theory to study 
quadratic linear functionals. For example let X = IR n and A be an n x n matrix-valued 
function satisfying the ellipticity condition : there exist two constants A > A > such 
that 

V£,CGC\ X\i\ 2 <Re{Ai-^) and \A£ ■ (\ < A|£||C|. 
We define the second order divergence form operator 

L(f) := -div(AV/), 

and then we compute the quadratic linear functional : 

S L (f)(x) := {^[\{tLf^ L f{y)\ 2d lY . 

We define the limit exponent p_ as 

p„ := inf < p > 1, sup He^HLP^p < oo > . 

I *>o J 
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In [2], P. Auscher have proved that for p G (p_, 2], the sublinear operator Sl is IP bounded. 
We describe how we can regain this result. We bilinearize the square function with the 
following bilinear operator : 

BS L (f,g)(x) := r(tL)^e tL f(y)(tL)^e tL g(y)^. 

Jo 1 

We have the direct equivalence for 1 < p < oo : Sl is I p bounded if and only if BSl 
is bounded on LP x IP in I p l 2 . By the I 2 functional calculus, we start from the L 2 
boundedness of Sl so BSl is bounded from L 2 x L 2 into I 1 . Now we will use an adapted 
Hardy space to obtain other continuities : for every ball Q, we choose our oscillation 
operator 

B Q {f) ■= {r 2 Q L) M e-^\f) or B Q (f) := (id - (Id + r 2 Q L)^) M (/). 

Then we can construct the atomic Hardy space LL Fato . Using the I 2 off-diagonal decays 
of the semigroup (see Section 2.3 of [2]), it is quite "classical" to obtain the assumptions 
of our Proposition 14.71 (the arguments are very similar to those of Theorem 6.1 in [2] 
(step3) and those in [27]). Then we get the boundedness of BSl from H Fato x LL Fato 
into I 1 / 2 . In addition for all po G (p_, 2) we have I Po — I 2 off diagonal estimates for the 
semi group e tL . Using Remark 14.131 we know that our Hardy space H Fato is I Po — I 2 
regularizing. Applying Theorem 14.141 we also deduce that for all exponent p G (p-,2] 
our bilinear operator BSl admits a continuous extension from I p x I p into L P//2 , which 
is equivalent to the I p boundedness of Sl- 

We have let the details to the interested reader. Here we want just explain how use the 
bilinear theory to study quadratic functionals. It is interesting to note that this point of 
view permit us to obtain the desired result without resorting I 2 valued arguments. 

5.4 The bilinear Marcinkiewicz multipliers. 

In [20], L. Grafakos and N. Kalton have studied bilinear Marcinkiewicz multipliers on MP. 
A bilinear operator T is a bilinear Marcinkiewicz multiplier if it is associated to a symbol 
a by 

T(f,g){x):= [ e lx ^f(a)g(P)a(a,P)dadp 

</R 2 ™ 

satisfying 

Va, b G Ff\ | dffi p a(oL, 0) \ < |a|" |a| \p\~ w . 

These operators are a little more singular than bilinear Calderon-Zygmund operators. 
Such an operator has a bilinear kernel k(x — y,x — z) satisfying 

Va,6GN n , \d%d b z k(x-y,x-z)\ < \x - y\^ n ~ M \x - z\~ n -^ . (5.4) 

We want in this subsection to explain what results can we obtain for these bilinear oper- 
ators. 
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From (15.41) . a bilinear Marcinkiewicz multiplier is almost a bilinear Calderon-Zygmund 
operator. So as for the first example, let us take our operators Bq equal to the exact 
oscillation operator 

We would like to apply Proposition 14.71 Let us take its notations. When the two index 
ji, j2 are non vanishing, we can use cancellation on the two balls and as for the classical 
bilinear Calderon-Zygmund operators, we can find very fast decay and so we can choose 
for the coefficients jj := 2~i n l 2 . When the two indexes are equal to 0, we will use as 
previously a strong continuity (assumed on the bilinear operator) to obtain the desired 
inequality. The main difficulty is when one of the two index is equal to 0. 

In [20], the authors obtained an equivalent condition over the symbol a to a strong 
continuity for the operator T. It is interesting to note that this condition is independent 
on the different exponents. So they proved that if such an operator is continuous from 
L n x U" 2 into If with 1 < r±, r 2 < oo and 

1 1 1 

r r\ r 2 

then it is continuous for all the exponents satisfying the same properties. Due to the 
similarity, we probably can show the assumptions of Proposition 14.71 when one of the two 
index j\i3i is equal to 0, assuming one strong continuity. But today this fact is not clear 
for us. 

We finish to underline the improvement of these ideas, compared with the ideas based 
on a Calderon-Zygmund decomposition (used in [HI ) . The use of an appropriate 

Hardy space and the bilinear interpolation theory permit us to reduce the problem to the 
linear theory of Hardy spaces. In addition, it permits to study kindly the two arguments 
of bilinear operators and so we hope to deduce a multiple weight theory for these kind 
of operators. It will be interesting to combine our results with those of the weighted 
extrapolation theory. In addition, we have given in Proposition 14.71 a criterion for a 
bilinear operator to act on a Hardy space H\ ato . It will be interesting to obtain a weaker 
condition, for example we have just seen that for a Marcinkiewicz multiplier this condition 
is not obvious. 
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